We rediscuss the entropy of a charged dilaton-axion black hole for both the asymptotically flat and non-flat cases by using the thin film brick-wall model. This improved method avoids some drawbacks in the original brick-wall method such as the small mass approximation, neglecting the logarithm term, and taking the term L 3 as the contribution of the vacuum surrounding the black hole. The entropy we obtain turns out to be proportional to the horizon area of the black hole, conforming to the Bekenstein-Hawking area-entropy formula for black holes. 
Introduction
It has now been three decades since Bekenstein originally suggested that black holes carry an entropy S that is proportional to the surface area A of their event horizon [1] [2] [3] . Soon after Bekenstein's suggestion, Hawking discovered that when one considers the evolution of quantum fields around black holes, the black holes indeed radiate thermally [4, 5] . Moreover, the temperature of the thermal radiation, referred to as the Hawking temperature, determines the exact relation between the surface area of the black holes' horizon and their entropy, viz. that
with the area to be 'measured' in units of the square of the Planck length. This Bekenstein-Hawking's area-entropy law is expected to apply to all black hole solutions of the Einstein equations. Ever since Bekenstein's suggestion and Hawking's discovery, a variety of approaches have been proposed to understand the microscopic origin of black hole entropy [6] [7] [8] [9] [10] . One of their approaches has been the semi-classical approach originally due to 't Hooft [10] , often referred to as the brick-wall model (BWM). In this approach, the black hole geometry is assumed to be a fixed classical background in which quantum fields propagate, and the black hole entropy is identified with the statistical mechanical entropy arising from the thermal bath of quantum fields propagating outside the event horizon, evaluated in the Wenzel-Kramers-Brillouin (WKB) approximation. But due to the infinite blue-shifting of the modes in the vicinity of the black hole horizon, the density of states of the matter fields diverges. Hence, for this model to be viable, it is necessary to introduce by hand a cut-off which is the order of the Planck length above the horizon, and the scalar field must vanish within some fixed distance outside the horizon. This approach has successfully led to the derivation of the proportionality of the black hole entropy to the horizon area by identifying the black hole entropy with thermal entropy of ambient quantum fields raised to the Hawking temperature . It was recently clarified that in this model, back reaction is small enough so that it is perfectly legitimate to neglect it, and that this model is actually self-consistent as a semi-classical theory [32, 33] . Though popular, in order to make the final entropy result conform to the Bekenstein-Hawking area-entropy formula, the BWM has some drawbacks such as the small mass approximation (to integrate the free energy), neglecting the logarithm term (the quantum correction term is neglected without any expression), and taking the term (L 3 ) as the contribution of the vacuum surrounding the black hole. Since then, the BWM has been improved to the thin film brick-wall model [34] [35] [36] . The improved method retains the idea of the original BWM by introducing two cut-off parameters, and gives more thermal characteristics of the black hole, especially the relation to the event horizon of the black hole. In the thin film BWM, the only contributions to the free energy and entropy of the black hole are by a thin film near the event horizon. Therefore, the drawbacks of the original model can be avoided. As an effective approach for calculating the entropy of a black hole, the thin film BWM has been employed to study many types of spaces, for instance, the Vaidya black hole [34, 35] , Schwarzschild-de Sitter black hole [36] [37] [38] , Kerr-de Sitter black hole [39] and others [40, 41] .
Recently, Sourav Sur, et al., have given new asymptotically flat and non-flat black hole solutions [42] for Einstein-Maxwell-scalar field systems inspired by low energy string theory. In [43] , Tanwi Ghosh and Soumitra SenGupta have investigated the entropy of this black hole by using the original BWM; however, there are many calculations which look unnatural. In this paper, we will consider this charged dilaton-axion black hole for the asymptotically flat and non-flat cases again, and apply the thin film BWM to calculate the entropy. The electromagnetic field and the dilaton-axion fields are not considered, and these fields are treated as background classical fields in semi-classical approximation [44] .
Entropy of asymptotically flat dilaton-axion black hole
The line element of the metric for the asymptotically flat dilaton-axion black hole is given [42] 
various parameters for the asymptotically flat case are given as
where M is the mass of the black hole and = 1 for the asymptotically flat case. The ± are the constants of integration, and in order that at least one horizon exists, one must have + > 0 . It is obvious that there is a point (curvature) singularity at = 0 , and such a singularity must obviously be naked unless there is a horizon at least at + . In this paper, we only consider the special case where there is a regular black hole horizon at H = + . Now we calculate the entropy of such a charged dilatonaxion black hole for the asymptotically flat case using the thin film BWM. In this setting, we consider a massive and minimally coupled quantum scalar field that is propagating in the the line element Eq. (2). Such a field satisfies the Klein-Gordon equation
where Ψ is the scalar field. Following the thin film BWM, we need to introduce a thin layer cut-off near the event horizon such that the boundary
is satisfied. Another cut-off is introduced at H + ε + δ, where we have
where ε and δ are the positive infinitesimal cut-off factor and the infinitesimal thin layer, respectively.
In the spherically symmetric space, the scalar field can be decomposed as Ψ = ( )Y (θ ) exp(− E ). Then substituting Eq. (2) into Eq. (7) and separating angular and time variables, we obtain the radial equation (10) Letting ( ) = exp ( S( )), where S( ) is a complex function, we can obtain the radial wave number ( E) by the WKB
According to the canonical assembly theory, the free energy of the quantum scalar field at inverse temperature β is written as
We take the semi-classical approach and assume that the energy state is continuous. The summation can be written as quadrature
where (E) = Γ(E) E is the density of states, and Γ(E) is the microscopic state number of the systematic energy less than or equal to E. Under the condition of the semi-classical quantum, Γ(E) becomes
Therefore, the free energy of the system can be rewritten as
where
From the previous equation, we can see that it is very simple to calculate the integration with respect to . The upper limit of the integration is taken so that 2 is non-negative, and the lower limit is naturally zero. We take only the free energy of a thin layer near the horizon: H + ε ≤ ≤ H + ε + δ (where the thickness of the thin layer δ is much less than the cut-off factor ε or they are the same order of infinitesimal), thus the coefficient ( − (17) naturally approaches zero without the small mass approximation artificially introduced in the original BWM. Then the integration of free energy near the horizon H is given by
Thus, the entropy of the system can be obtained from the following formula:
where β is the inverse Hawking temperature calculated from the metric Eq. (2) as follows:
Substituting the expression of β into the entropy expression Eq. (19), we obtain
where A H denotes the area of the asymptotically flat dilaton-axion black hole horizon, and
From Eq. (21), it is easy to see that the entropy of the asymptotically flat dilaton-axion black hole is 1/4 times the area of its horizon when we choose the appropriate relation between the thickness δ of the thin layer and the distance ε of the cut-off as follows:
The resulting entropy is satisfactory and agrees with the Bekenstein-Hawking area-entropy of Eq. (1).
Entropy of asymptotically nonflat dilaton-axion black hole
Using the thin film BWM, we have successfully calculated the entropy of the asymptotically flat dilaton-axion black hole in Section 2. In this section, we will extend our calculations to asymptotically non-flat space-time.
The line element of the metric for the asymptotically nonflat dilaton-axion black hole can be written [42] 
and the other parameters are the same as in the asymptotically flat case. = 0 for the asymptotically non-flat case. The radial wave number is given by the WKB approximation
The expressions of free energy for the asymptotically nonflat case can be calculated as follows: 
Conclusion
In summary, we have successfully calculated the entropy for dilaton-axion coupled black holes both for the asymptotically flat and non-flat cases by using the thin film BWM. It is obvious that the results are satisfactory and conform to the Bekenstein-Hawking area-entropy formula for black holes, when we choose an appropriate relation between two infinitesimal parameters, the cut-off ε and the thickness of the thin layer δ. At the same time, the calculation is reasonable without certain approximations and unnatural neglecting of terms necessary when using the conventional BWM.
